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Abstract
It is generalized Weyl conformal curvature tensor in the case of a conformal mappings of
a generalized Riemannian space in this paper. Moreover, it is found universal generalizations
of it without any additional assumption. A method used in this paper may help different
scientists in their researching.
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1 Introduction
Many research papers, books and monographs are dedicated to development of the theory of
conformal mappings and its applications. Some of authors who have contributed to this develop-
ment are H. M. Abood [1], S. Bochner [2], L. P. Eisenhart [8],
S. B. Mathur [11], Josef Mikesˇ with his research group [3, 4, 9, 12–14, 18, 24],
S. M. Mincˇic´ [21], P. Mocanu [17], M. Prvanovic´ [19], N. S. Sinyukov [20], M. Lj. Zlatanovic´, M.
Najdanovic´ [18,24] and many others. A. Einstein [5–7] based the theory of general relativity on
non-symmetric affine connection. E. Goulart and M. Novello [10] such as H. Zhang, Y. Zhang,
X-Z. Li [23] applied the theory of conformal mappings in physics.
The main purpose of this paper is to make analogies between invariants of geodesic and
conformal mappings, i.e. we want to examine are there analogies of Thomas projective parameter
and Weyl projective tensor as invariants of conformal mappings in here.
1.1 Generalized Riemannian spaces
Based on the Eisenhart’s results [8], many authors started the researches about conformal
mappings between Riemannian and generalized Riemannian spaces as well as about their invari-
ants (see [1–4,9, 10,12–16,18,19,21,22,24]).
An N -dimensional manifoldMN endowed with a metric tensor Gij non-symmetric by indices
i and j, is the generalized Riemannian space GRN [8]. The symmetric and anti-symmetric parts
of the metric tensor Gij are respectively defined as
gij =
1
2
(Gij +Gji) and Fij =
1
2
(Gij −Gji). (1.1)
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(Generalized) Christoffel symbols of the space GRN are
Γi.jk =
1
2
(Gji,k −Gjk,i +Gik,j) and Γ
i
jk = g
iαΓα.jk, (1.2)
for partial derivative ∂/∂xk denoted by comma. Christoffel symbols Γijk are a case of non-
symmetric linear connection, where their symmetric and anti-symmetric parts are given by
γijk =
1
2
(Γijk + Γ
i
kj) =
1
2
giα(gjα,k − gjk,α + gαk,j), (1.3)
T ijk =
1
2
(Γijk − Γ
i
kj) =
1
2
giα(Fjα,k − Fjk,α + Fαk,j). (1.4)
The anti-symmetric part T ijk is torsion tensor of the space GRN . It also holds
γαjα =
1
2
(
ln |g|
)
,j
and Tαjα = 0, (1.5)
for g = det[gij ] 6= 0. The Riemannian space RN endowed with the affine connection coefficients
γijk is called the associated space of GRN [15, 16,18,21,24].
Since the associated space RN is usual Riemannian space, there exists only one kind of
covariant differentiation with regard to the affine connection of this space:
aij;k = a
i
j,k + γ
i
αka
α
j − γ
α
jka
i
α, (1.6)
where aij is a tensor of the type (1, 1). It also exists only one curvature tensor
Rijmn = γ
i
jm,n − γ
i
jn,m + γ
α
jmγ
i
αn − γ
α
jnγ
i
αm, (1.7)
of the associated space RN .
In the generalized Riemannian space GRN , one can consider four kinds of covariant differ-
entiation [15,16]
aij |
1
k = a
i
j,k + Γ
i
αka
α
j − Γ
α
jka
i
α a
i
j |
2
k = a
i
j,k + Γ
i
kαa
α
j − Γ
α
kja
i
α, (1.8)
aij |
3
k = a
i
j,k + Γ
i
αka
α
j − Γ
α
kja
i
α a
i
j |
4
k = a
i
j,k + Γ
i
kαa
α
j − Γ
α
jka
i
α. (1.9)
Also, in the generalized Riemannian space GRN , there exist twelve curvature tensors [15]. These
curvature tensors are elements of the family
Kijmn = R
i
jmn + uT
i
jm;n + u
′T ijn;m + vT
α
jmT
i
αn + v
′TαjnT
i
αm + wT
α
mnT
i
αj , (1.10)
for the corresponding u, u′, v, v′, w ∈ R. It is proved that five of these curvature tensors are
linearly independent [16].
2
1.2 Conformal mappings of generalized Riemannian space
A mapping f : GRN → GRN determined by the equation
Gij = e
2ψGij , (1.11)
for a scalar function ψ is the conformal mapping of space GRN [21]. The basic equation of this
mapping is
Γ
i
jk = Γ
i
jk + ψjδ
i
k + ψkδ
i
j − ψ
igjk + ξ
i
jk, (1.12)
for ψi = ∂ψ/∂x
i, ψi = giαψα, and tensor ξ
i
jk anti-symmetric by indices j and k. After antisym-
metrization of the basic equation (1.12) by indices j and k, we obtain that is
ξijk = T
i
jk − T
i
jk.
For this reason, it were studied equitorsion conformal mappings (the case of ξijk = 0)
[18, 21, 24]. In last author’s research [22], it were studied conformal mappings which do not
preserve torsion tensor.
1.3 Motivation
Geometrical objects that are invariant with respect to conformal mappings play an important
role in the theory of gravity [10,23].
Let f : GRN → GRN be a conformal mapping of generalized Riemannian space GRN . Weyl
conformal curvature tensor
Cijmn = R
i
jmn +
1
N − 2
(δinRjm − δ
i
mRjn) +
1
N − 2
(gjmR
i
n − gjnR
i
m)
+
R
(N − 1)(N − 2)
(δimgjn − δ
i
ngjm),
(1.13)
Cijmn = Rijmn +
1
N − 2
(ginRjm − gimRjn) +
1
N − 2
(gjmRin − gjnRim)
+
R
(N − 1)(N − 2)
(gimgjn − gingjm),
(1.13’)
are invariants of this mapping obtained from the change of curvature tensor Rijmn.
S. Bochner (see [2]) generalized the covariant Weyl conformal curvature tensor. This gener-
alization is
Bij∗mn∗ = Kij∗mn∗
−
1
k + 2
(
Gij∗Kmn∗ +Gin∗Kmj∗ +Gmj∗Kin∗ +Gmn∗Kij∗
)
+
K
2(k + 1)(k + 2)
(
Gij∗Gmn∗ +Gin∗Gj∗m
)
,
(1.14)
from the change of covariant curvature tensor
Kij∗mn∗ = Ti.j∗m;n∗ − Ti.j∗n∗;m + T
α
j∗mTi.αn∗ − T
α
j∗n∗Ti.αm,
3
of N = 2k-dimensional space with Hermitian metrics
ds2 = 2gαβ∗dzαdzβ
which satisfies the Ka¨hlerian assumption
∂gαγ∗
∂zβ
=
∂gβγ∗
∂zα
.
Purposes of the paper
The family of invariants of a conformal mapping which preserves the torsion tensor obtained
from the change of the family of curvature tensors (1.10) is searched in [21].
Recently, we obtained that it is not necessary to assume the equitorsioness of conformal
mappings to find their invariants [22]. In that article, it is obtained one family of generalizations
of Weyl conformal curvature tensor. In this manuscript, we wish to find some other families of
invariants of conformal mappings of a generalized Riemannian space.
The aims of this paper are:
1. To obtain necessary and sufficient conditions for a mapping f : GRN → GRN to be a
conformal one.
2. To find invariants of a conformal mapping f : GRN → GRN obtained from changes of
Christoffel symbols Γijk under this mapping.
3. To generalize Weyl conformal curvature tensors (1.13, 1.13’).
2 Main results
Before the main examinations, we may notice that invariants of geometric mappings have
been obtained from changes of affine connection coefficients or from changes of curvature tensors
of the space GRN under these mappings. Invariants obtained from changes of affine connection
coefficients of the space GRN under a mapping will be called the conformal invariants of Thomas
type. Invariants obtained from changes of curvature tensors of the space GRN under a mapping
will be called the conformal invariants of Weyl type.
2.1 Conformal invariants of Thomas type
Let f : GRN → GRN be a conformal mapping of the space GRN . After symmetrize the
equation (1.12) by indices j and k and contract the symmetrized equation by i and k, we
established the correctness of the following equalities:
ψj =
1
N
(γαjα − γ
α
jα) =
1
2N
((
ln |g|
)
,j
−
(
ln |g|
)
,j
)
. (2.1)
In this way, we proved that the difference pijk = γ
i
jk − γ
i
jk is
pijk = ζ
i
(1)jk − ζ
i
(1)jk = ζ
i
(2)jk − ζ
i
(2)jk, (2.2)
4
for
ζ i(1)jk = γ
i
jk and ζ
i
(2)jk =
1
2N
((
ln |g|
)
,j
δik +
(
ln |g|
)
,k
δij −
(
ln |g|
)
,α
giαgjk
)
and the corresponding ζ
i
(1)jk and ζ
i
(2)jk.
Because it holds gij = e−2ψgij , we have that is
gijGmn = e
−2ψgije2ψGmn = g
ijGmn, (2.3)
i.e. gijGmn is an invariant of the mapping f .
The torsion tensor T ijk may be expressed as
T ijk =
1
2
giα
(
Fjα;k − Fjk;α + Fαk;j
)
=
1
2
((
giαFjα
)
;k
−
(
giαFjk
)
;α
+
(
giαFαk
)
;j
)
. (2.4)
From this expression and the definition of the covariant derivation with respect to linear con-
nection of the associated space RN given by the equation (1.6), we directly obtain that is
T
i
jk − T
i
jk =
1
2
(
γiαkg
αβF jβ − γ
i
βαg
βαF jk + γ
i
αjg
βαF βk + γ
α
jβg
iβFαk + γ
α
kβg
iβF jα
)
−
1
2
(
γiαkg
αβFjβ − γ
i
βαg
βαFjk + γ
i
αjg
βαFβk + γ
α
jβg
iβFαk + γ
α
kβg
iβFjα
)
(2.3)
=
1
2
(
piαkg
αβFjβ − p
i
βαg
βαFjk + p
i
αjg
βαFβk + p
α
jβg
iβFαk + p
α
kβg
iβFjα
)
.
(2.5)
Based on the equations (2.1, 2.2, 2.5) and the invariance (2.3), we obtain that torsion tensors
T ijk and T
i
jk satisfy the following relations:
T
i
jk = T
i
jk + τ
i
(r)jk − τ
i
(r)jk, (2.6)
for r = (r1, . . . , r5) ∈ {1, 2}
5 and
τ
i
(r)jk = −
1
2
(
ζ
i
(r1)αk
g
αβ
F jβ − ζ
i
(r2)βα
g
βα
F jk + ζ
i
(r3)αj
g
βα
F βk + ζ
α
(r4)jβ
g
iβ
Fαk + ζ
α
(r5)kβg
iβ
F jα
)
, (2.7)
τ
i
(r)jk = −
1
2
(
ζ
i
(r1)αk
g
αβ
Fjβ − ζ
i
(r2)βα
g
βα
Fjk + ζ
i
(r3)αj
g
βα
Fβk + ζ
α
(r4)jβ
g
iβ
Fαk + ζ
α
(r5)kβ
g
iβ
Fjα
)
. (2.8)
The equations (1.12, 2.1, 2.6) prove that is
T i(r)jk = T
i
(r)jk,
for
T i(r)jk = Γ
i
jk −
1
2N
((
ln |g|
)
,j
δik +
(
ln |g|
)
,k
δij −
(
ln |g|
)
,α
giαgjk
)
+ τ i(r)jk, (2.9)
a random r ∈ {1, 2}5, such as for the corresponding T i(r)jk.
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It holds the following lemma:
Lemma 2.1. Let f : GRN → GRN be a mapping of generalized Riemannian space GRN . The
following statements are equivalent:
1. Basic equation of the mapping f is
Γ
i
jk = Γ
i
jk +
1
2N
((
ln |g|
)
,j
δik +
(
ln |g|
)
,k
δij −
(
ln |g|
)
,α
giαgjk
)
−
1
2N
((
ln |g|
)
,j
δik +
(
ln |g|
)
,k
δij −
(
ln |g|
)
,α
giαgjk
)
+ τ i(r)jk − τ
i
(r)jk,
(2.10)
for some r ∈ {1, 2}5 and the corresponding τ i(r)jk, τ
i
(r)jk defined by the equations (2.7, 2.8).
2. For r ∈ {1, 2}5, the geometrical object T i(r)jk, defined by the equation (2.9) is an invariant of
the mapping f .
3. Mapping f is a conformal mapping.
The invariants T i(r)jk, defined by the equation (2.9), are the r-th conformal invariants of
Thomas type of the conformal mapping f .
2.2 Invariants of Weyl type
From the family (1.10) of curvature tensors of the space GRN , we get that is
Rijmn = K
i
jmn − uT
i
jm;n − u
′T ijn;m − vT
α
jmT
i
αn − v
′TαjnT
i
αm − wT
α
mnT
i
αj , (2.11)
Rij = Kij − uT
α
ij;α − (v
′ + w)TαiβT
β
αj , (2.12)
Rij = K
i
j − ug
iαT βαj;β − (v
′ + w)giαT βαγT
γ
βj , (2.13)
R = K − (v′ + w)TαγβT
β
αδg
γδ. (2.14)
Based on these expressions and because Weyl conformal curvature tensor (1.13) is an invariant
of the conformal mapping f , we obtain that it holds
6
Rijmn = R
i
jmn +
1
N − 2
(
δimKjn − δ
i
nKjm +K
i
mgjn −K
i
ngjm
)
−
1
N − 2
(
δimKjn − δ
i
nKjm +K
i
mgjn −K
i
ngjm
)
−
u
N − 2
(
δimT
α
jn;α − δ
i
nT
α
jm;α − δ
i
mT
α
jn|α + δ
i
nT
α
jm|α
)
−
u
N − 2
(
giαT βαm;βgjn − g
iαT βαn;βgjm − g
iαT
β
αm|βgjn + g
iαT
β
αn|βgjm
)
−
v′ + w
N − 2
(
δimT
α
jβT
β
αn − δ
i
nT
α
jβT
β
αm − δ
i
mT
α
jβT
β
αn + δ
i
nT
α
jβT
β
αm
)
−
v′ + w
N − 2
(
giαT βαγT
γ
βmgjn − g
iαT βαγT
γ
βngjm − g
iαT
β
αγT
γ
βmgjn + g
iαT
β
αγT
γ
βngjm
)
+
1
(N − 1)(N − 2)
(
K(δimgjn − δ
i
ngjm)−K(δ
i
mgjn − δ
i
ngjm)
)
−
v′ + w
(N − 1)(N − 2)
(
TαγβT
β
αδg
γδ
(
δimgjn − δ
i
ngjm
)
− T
α
γβT
β
αδg
γδ
(
δimgjn − δ
i
ngjm
))
,
(2.15)
for covariant derivation with regard to affine connection of the associated space RN denoted by
vertical line |.
It is evident that geometrical objects τ i(r)jk and τ
i
(r)jk given by the equations (2.7, 2.8) are
anti-symmetric by indices j and k. After antisymmetrize the invariants T i(r)jk by these indices,
we obtain that it holds
(T
i
jm + τ
i
(r)jm)|n − (T
i
jm + τ
i
(r)jm);n = T
i
jm|n − T
i
jm;n + τ
i
(r)jm|n − τ
i
(r)jm;n
= ζ
i
(s1)αn(T
α
jm + τ
α
(r)jm)− ζ
α
(s2)jn(T
i
αm + τ
i
(r)αm)− ζ
α
(s3)mn(T
i
jα + τ
i
(r)jα)
− ζ i(s1)αn(T
α
jm + τ
α
(r)jm) + ζ
α
(s2)jn
(T iαm + τ
i
(r)αm) + ζ
α
(s3)mn
(T ijα + τ
i
(r)jα),
(2.16)
for s = (s1, s2, s3) ∈ {1, 2}
3 and the above defined ζ i(sk)jm. Based on the last of previous
equalities, we proved that is
T
i
jm|n = T
i
jm;n + σ
i
(s)(r)jmn − σ
i
(s)(r)jmn, (2.17)
where is
σi(s)(r)jmn = τ
i
(r)jm;n − ζ
i
(s1)αn
(Tαjm + τ
α
(r)jm) + ζ
α
(s2)jn
(T iαm + τ
i
(r)αm) + ζ
α
(s3)mn
(T ijα + τ
i
(r)jα),
and the corresponding σi(s)(r)jmn, s ∈ {1, 2}
3, r ∈ {1, 2}5. Furthermore, based on the equalities
(
T
α
jm + τ
α
(r1)jm
)(
T
i
αn + τ
i
(r2)αn
)
−
(
Tαjm + τ
α
(r1)jm
)(
T iαn + τ
i
(r2)αn
)
= 0,
r1, r2 ∈ {1, 2}5, we conclude that it is satisfied
T
α
jmT
i
αn = T
α
jmT
i
αn +Θ
i
(r1)(r2)jmn −Θ
i
(r1)(r2)jmn, (2.18)
7
for
Θi(r1)(r2)jmn = T
α
jmτ
i
(r2)αn + T
i
αnτ
α
(r1)jm + τ
α
(r1)jmτ
i
(r2)αn,
and the corresponding Θ
i
(r1)(r2)jmn.
Based on the equations (1.10, 2.15 – 2.18), we obtain that it holds the relation
Kijmn = K
i
jmn +
1
N − 2
(
δimKjn − δ
i
nKjm +K
i
mgjn −K
i
ngjm
)
−
1
N − 2
(
δimKjn − δ
i
nKjm +K
i
mgjn −K
i
ngjm
)
−
u
N − 2
(
δimT
α
jn;α − δ
i
nT
α
jm;α − δ
i
mT
α
jn|α + δ
i
nT
α
jm|α
)
−
u
N − 2
(
giαT βαm;βgjn − g
iαT βαn;βgjm − g
iαT
β
αm|βgjn + g
iαT
β
αn|βgjm
)
−
v′ + w
N − 2
(
δimT
α
jβT
β
αn − δ
i
nT
α
jβT
β
αm − δ
i
mT
α
jβT
β
αn + δ
i
nT
α
jβT
β
αm
)
−
v′ + w
N − 2
(
giαT βαγT
γ
βmgjn − g
iαT βαγT
γ
βngjm − g
iαT
β
αγT
γ
βmgjn + g
iαT
β
αγT
γ
βngjm
)
+
1
(N − 1)(N − 2)
(
K(δimgjn − δ
i
ngjm)−K(δ
i
mgjn − δ
i
ngjm)
)
−
v′ + w
(N − 1)(N − 2)
(
TαγβT
β
αδg
γδ
(
δimgjn − δ
i
ngjm
)
− T
α
γβT
β
αδg
γδ
(
δimgjn − δ
i
ngjm
))
− uσi(s1)(r1)jmn − u
′σi(s2)(r2)jnm + vΘ
i
(r3)(r4)jmn + v
′Θi(r5)(r6)jnm + wΘ
i
(r7)(r8)mnj
+ uσi(s1)(r1)jmn + u
′σi(s2)(r2)jnm − vΘ
i
(r3)(r4)jmn − v
′Θ
i
(r5)(r6)jnm − wΘ
i
(r7)(r8)mnj ,
(2.19)
for s1, s2 ∈ {1, 2}3, r1, . . . , r8 ∈ {1, 2}5. From this equation, we obtain that is
Ci(ρ)jmn = C
i
(ρ)jmn,
for
Ci(ρ)jmn = K
i
jmn +
1
N − 2
(δimKjn − δ
i
nKjm +K
i
mgjn −K
i
ngjm)
+
K
(N − 1)(N − 2)
(δimgjn − δ
i
ngjm)− uσ
i
(s1)(r1)jmn − u
′σi(s2)(r2)jnm
+ vΘi(r3)(r4)jmn + v
′Θi(r5)(r6)jnm + wΘ
i
(r7)(r8)mnj
−
u
N − 2
(
δimT
α
jn;α − δ
i
nT
α
jm;α + g
iαT βαm;βgjn − g
iαT βαn;βgjm
)
−
v′ + w
N − 2
(
δimT
α
jβT
β
αn − δ
i
nT
α
jβT
β
αm + g
iαT βαγT
γ
βmgjn − g
iαT βαγT
γ
βngjm
)
−
v′ + w
(N − 1)(N − 2)
TαγβT
β
αδg
γδ(δimgjn − δ
i
ngjm)
(2.20)
and ρ = (s1, s2, ρ1, . . . , ρ8).
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It holds the following theorem:
Theorem 2.1. Let f : GRN → GRN be a conformal mapping of generalized Riemannian space
GRN . The families C
i
(ρ)jmn from the equation (2.20) are families of invariants of the mapping
f .
Corollary 2.1. Let f : GRN → GRN be a conformal mapping of generalized Riemannian space
GRN . Geometrical objects
C(ρ)ijmn = Kijmn +
1
N − 2
(Kjngim −Kjmgin +Kimgjn −Kingjm)
+
K
(N − 1)(N − 2)
(gimgjn − gingjm)− uσ(s1)(r1)ijmn − u
′σ(s2)(r2)ijnm
+ vΘ(r3)(r4)ijmn + v
′Θ(r5)(r6)ijnm + wΘ(r7)(r8)imnj
−
u
N − 2
(
Tαjn;αgim − T
α
jm;αgin + T
β
im;βgjn − T
β
in;βgjm
)
−
v′ + w
N − 2
(
TαjβT
β
αngim − T
α
jβT
β
αmgin + T
β
iγT
γ
βmgjn − T
β
iγT
γ
βngjm
)
−
v′ + w
(N − 1)(N − 2)
TαγβT
β
αδg
γδ(gimgjn − gingjm),
(2.21)
for σ(s)(r)ijmn = giασ
α
(s)(r)jmn and Θ(ri)(rj)ijmn = giαΘ
α
(ri)(rj)jmn
, are invariants of the mapping
f .
The above obtained invariants Ci(ρ)jmn and C(ρ)ijmn are the ρ-th conformal and the ρ-th
conformal covariant invariants of Weyl type of the conformal mapping f .
3 Conclusion
In this paper, we studied transformations of Christoffel symbols and curvature tensors
of a generalized Riemannian space under conformal mappings. From these transformations,
we obtained invariants of these transformations. Furthermore, invariance of some of the in-
variants T i(r)jk from the equation (2.9) is necessary and sufficient condition for a mapping
f : GRN → GRN to be a conformal one.
In further research, motivated by the results from this paper, we will obtain invariants of
F -planar mappings of non-symmetric affine connection spaces.
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